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ABSTRACT
Within the presented work the effects of rotation and strain on
the bubble dynamics inside a cavitating cloud is analyzed and
discussed. To follow this task, the mixture of cavitation bubbles
and liquid is treated as a continuous medium. With the
Helmholtz vortex theorem in mind a torus is considered to be
preferable cloud geometry. In fact analyzing cloud cavitation
horse show cloud structures are dominant and motivate the
torus shape we focus on. The flow inside the cloud is treated
quasi one-dimensional, the flow outside is modeled by a
potential flow. The excitation of the cloud is carried out
dynamical by a pressure distribution at infinity and/or
kinematical by imposing a circulation and/or a temporal strain
distribution.
The research was performed in two steps: In a first
step the influence of the time scales and void fraction on bubble
growth, cloud breathing, cloud collapse delay, and work done
on the cloud are considered. Based on a simplification of the
governing equations the effects are divided in those of
homogeneous, all bubbles in the cloud are equal sized in each
time step, and heterogeneous bubble interaction. In a second
step the influences of circulation and strain on these quantities
have been analyzed.
It was found that the circulation enhances the bubble
growth in the center of the cloud especially for low void
fractions. As consequences the cloud breathing (expansion of
the cloud) and the work done on the cloud increased in
comparison to the circulation free case, the collapses are
delayed; the shocks moving to the center are attenuated. These
effects depending on the level of circulation and therefor the
density reduction in the cloud core region. The circulation, if
the excitation time is high enough, strengths the acoustic load
of the environment, represented by the far field pressure, and
the maximum compression of the bubbles in the center. An
imposed strain results in a density-specific vorticity production
and therefor works like an increased circulation but
independent of interaction and excitation time if the cloud
related strain rate is constant. To bring it to a point: Strain and
circulation increase the damage potential.

1. INTRODUCTION

Fig. 1: (a) sketch of geometric and cinematic values, zones
of enhanced damage potential; (b) experimental setup; (c)
cloud separation from a cavitating sheet (top), collapsing
cloud downstream (bottom).
The occurrence of cloud cavitation in the blade passage of a
turbo machine is under special operation conditions
characterized by periodic formation of clusters of cavitation
bubbles (clouds) and the following cloud collapse. Since the
formation of a cloud is a consequence of vortex shedding, the
occurrence of cloud cavitation is in general associated with the
presence of rotation in the clouds.
Fig. 1(a) shows qualitatively a detached cavitating cloud
rotating in an experimental flow channel, which was realized at
the Chair of Fluid Systems Technologies at Technische
Universität Darmstadt (Pelz & Keil 2012). Visualizations of
clouds made with this experimental apparatus (b) are also given
in
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Fig. 1 (c). According to the Helmholtz vortex theorem the
vortex represented by the cloud cannot end inside of a fluid.
This suggests the horseshoe geometry, which is supported by
the observation that in areas where the trailing vortices contact
the wall, increased damage was observed (a). Following these
assumptions the convection of the cloud downstream causes a
strain of these vortices and influences the rotational velocity
and the pressure in the cloud and therefore the cloud bubble
dynamics.
2. TORUS CLOUD MODEL

the mixture is then given by the void fraction  , the densities
of the vapor within the bubbles ~V and the liquid density ~L :

~   ~v  (1   ) ~L  (1   ) ~L .
The non-equilibrium bubble dynamics, which is essential to
study the processes of cloud collapse, requires a description of
the density on the geometry of the individual bubbles. This is
achieved by a coupling the Rayleigh-Plesset equation to mass
and momentum balance equations for the mixture (van
Wijngaarden 1964).
With the bubble population ~
 , that is the number of bubbles
per volume of liquid, the void fraction can be expressed by the
~
bubble volume V , which is a continuous spatial function:
1 

1
~
~  ~ .
~
1   V L

(1)

The assumption, no bubbles will be created or destroyed, which
is equivalent to a vanishing change of bubble population along
the particle path. This leads to the continuity equation (2) in
dimensionless form (the quantities are non-dimensionalized
using the liquid density, the equilibrium bubble radius as length

~
~ ~
~
RE , the mean channel velocity U and therefore R E / U as

time). Quantities without tilde are dimensionless, e.g.

~

~

  ~RE3 or p A  ~
p A /( ~L / 2) / U 2 ).
Fig. 2: Idealized torus geometry and the one-dimensional
spatial coordinate for the behavior interior of the cloud.
The torus shown in Fig. 2 is an idealized cloud geometry, which
enables an investigation the above mentioned influences (strain,
circulation). The torus is described by just two geometrical
quantities. These are the major radius RT , whose increase leads
to the so called “cloud straining” RT  (1   ) RT 0 , and the
minor radius RCl , whose change allows the cloud expansion
which is called “cloud breathing”.
As a generic model we consider the cloud in an infinite
ambiance. Hence each cross section of the cloud behaves the
same which leads to quasi one dimensional problem.
It is important to mention: In contrast to many other approaches
the entire flow (liquid and gas-phase) is treated in the
framework of continuum mechanics. The flow field is divided
into an incompressible field outside the cloud, in which
cavitation is excluded and the cloud interior.
Governing Equations
In the interior of the cloud a mixture of vapor bubbles and
inviscid fluid of constant density is assumed. The flow of this
dispersion is modeled as a homogeneous medium neglecting
the relative motion between the phases. This assumption is
justified provided (i) the bubble size is small compared to the
cloud size, and (ii) the bubble density is small. The density of
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The flow within the cloud interior is thus not divergence free. It
is also assumed not to be irrotational. The mixture is assumed
to be inviscid but not the surrounding of the single bubble.
Hence the radial component of the momentum equation for the
mixture is the Euler equation:
2
Dur u
(1  V ) Cp (r , t )
,
(3)


Dt
r
2
r
~
with the pressure coefficient Cp ( ~
p~
p0 ) /( ~L / 2) / U 2 ,
where ~
p is the pressure in the cloud related to the pressure in
the beginning ~
p0 and the velocity components u r and u .

Even though the flow in the cloud is inviscid it is not
barotropic! Since the flow is one-dimensional Kelvin’s vortex


theorem stays valid ( Cp /   dx  Cp /   rd e  0 ):

D
 0  r (t  0)u (t  0)  r (t )u (t ) . (4)
Dt
The system of equations is closed by van Wijngaarden’s
continuums-mechanical form of the Rayleigh-Plesset equation
(RPE). This form follows from an application of the RPE along
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the particle path and couples the pressure resulting from the
bubble motion to the momentum equation and the bubble size
to the mixture density:
2
D 2 R 1  3  DR  
4 1 DR
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 ...


2
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2
Re R Dt
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2
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... 
( R 1  R 3k )  
(5)
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This includes the bubble parameters cavitation number,
Reynolds number, Weber number
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cloud boundary at the radius RCl (t ) .
Connection of the Ambience – Flow outside the Cloud
The velocity potential of the outer flow (Fig. 2 left) is
expressed through a source and a circulation part:
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with the source strength q  1/(8 )dVCl / dt and the volume
2

and the polytropic exponent with the vapor pressure ~
pv and the

~

surface tension S . The effective viscosity of the liquid
includes all dissipative mechanisms of the single bubble motion
(Chapman & Plesset 1971).
The Lagrangian Model of the Torus Cloud
- Flow inside the Cloud
Accounting the one-dimensionality a Lagrangian description is
used. This is favorable, since the moving surface of the cloud
becomes a coordinate surface and the numerical calculation can
be done on a fixed grid. But above all, then the possible
resolution of gradients by time integration, rather than through
grid adaptation is an advantage and as commonly used in gas
dynamics. The method was first used by Wang (1996) for the
spherical cloud and is here transferred accordingly to the
toroidal geometry with strain and circulation. The continuity
Equation (2) with the material coordinates in radial and axial
(along the torus center line)  r and  z yields:

r  r  0  z  r 1  V  (t )  r


e
  ,
 r
r  z
r 1  V0
r

with the averaged pressure coefficient Cp Am ( r , t ) at the

2
of the torus VCl  2 2 RT RCl
as well as the circulation
   /(4 ) . By applying Euler's equation for irrotational
flow, the result for the pressure coefficient at the cloud surface
becomes:

Cp Am  Cp 
1 2
 qFq  q  Fq  R Cl
.
(8)
2
2
The coefficient functions Fq and Fq are determined
numerically. The shape specific values are plotted in Fig. 3.
They are averaged values over the circumferential angle  .

(6)

with the given velocity component u z  z and  , the time

derivative (indicated by a dot) of the strain function  (t ) .The
initial values at t=0 are indicated by the index 0, therefor  0 is
the density in the beginning of the observation. From the Euler
Equation (7), Kelvin’s theorem (4) and continuity Equation (6)
an integral equation of the Volterra type in the pressure
coefficient Cp ( r ) can is gained:

Fig. 3: Coefficient functions of the outer solution and
values of the toroidal geometry.



The solution can be obtained by elimination of the second
derivative of the bubble radius of the integral Equations (7) and
(8) by the Rayleigh-Plesset Equation (5). From (7) one obtains
a linear system in the pressure coefficient Cp coupled with the


 r2u2 0 
1  2


d


d
r 0 t 2
r 3 

outer solution Cp Am through (8). A system of ordinary
differential equations in the discrete bubble radii is solved.
These equations are coupled in each time step through the
linear system resulting from the integral equations described
before.

CpAm

1  V0
dCp  
2
Cp( )
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 A  RCl 0
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,

(7)
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Boundary Conditions
We distinct two excitations, first (i) the dynamic excitation by
an imposed pressure history at infinity; second (ii) a kinematic
excitation by an imposed circulation and/or strain rate.
The (i) dynamic excitation (excitation time t E ) is carried out
by the dimensionless pressure Cp (t ) at infinity. As can be
seen in Fig. 4 the excitation function is harmonic and falls
below the dimensionless vapor pressure   . As a minimum
excitation pressure a value of Cpmin  1.5 is used, if not
stated otherwise.
The (ii) kinematic excitation is done by an imposed circulation
and/or a strain function. In the case of circulation excitation,
initially the cloud performs a rigid body rotation and all
bubbles are in stable equilibrium. Hence the initial bubble
radius distribution is inhomogeneous. The same holds for the
void fraction. In this case the spatial averaged void fraction  0
is based on the same population  no matter the cloud rotates
or not. The circulation is related to the critical value  crit with
instable bubble growth solely due to circulation. The strain
function  (t )  ln(1  0 t ) and it’s time derivative  results
from the z-component of the Euler equation with p / z  0
(one-dimensionality).

Time Scales
The problem contains three time scales. These are the
excitation time t E , the typical time of an individual bubble,
given by its natural frequency (Plesset & Prosperetti 1977):

t B  2 

1
B

~
~

2S
 k p gE
 2 3 ~ ~ 2  ~ ~ 2 ~

 LU R E
  LU







1 / 2

,

and the typical time of the cloud, given by the phase velocity
of the dispersion cCl (Brennen 2005) and the cloud radius:

t Cl 

RCl
 B2
2
 3 0 (1   0 ) RCl B1 , cCl

cCl
3 0 (1   0 )

The Interaction parameter (see Brennen 2005, page 259), which
is built only by cloud parameters, is used:
2

0 



2
RCl
0 0 (1 

t 
 0 ) ~  Cl  .
 tB 

(10)

A complete set of dimensionless products requires further the
use of t E / t B or t E / t Cl and the excitation parameters

Cp min ,  /  crit , ˆ .

Fig.4: Excitation functions; left: dynamically excitation;
right: kinematic excitation by means of imposed through
strain
Special case: The homogeneous Approximation
The above described systems of equations have a non-trivial
but simple approximation for the homogeneous case.
Homogeneous means: All bubbles behave the same. In the
following we discuss the differences and similarity between the
homogenous approximation and the detailed problem.
The assumption of a homogeneous bubble radius distribution
R( , t )  R(t ) enforces homogeneous pressure from (5). The
Euler equation (3) is not required and can’t be satisfied. The
remaining equations (7) and (8) give an ordinary differential
equation in the synchronous bubble radius of the cloud.

Cp 
 ...
2

4 R
2
 (1  R 3 k ) 

( R 1  R 3 k ) . (9)
2
Re R We

 H ( R, R ) R   H ( R, R ) R 2  

The inertia coefficients  H and  H follow in closed form as a
function of the coefficient functions of the outer solution.
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3. RESULTS
Bubble Growth and Collapse Time, Dynamic Exc.

Fig. 5: Related bubble growth (top) and collapse time
(bottom) as a function of interaction for different void
fractions and excitation times; homogeneous approximation
(solid line) and exact solution (symbols).
The growth of bubbles in a cloud depends on the bubble
parameters k,  , Re, We. In this study we concentrate on the
set of parameters k = 1.4, Re = 20, We = 200,  = 1.0 which
are typical for cavitation. The detailed parameter study is
presented elsewhere.
Fig. 5 (top) shows the bubble growth, the maximum bubble
radius until the collapse in the homogenous approximation and
the mean of this value for all material position in the complete
solution related to a solution of an individual cloud containing
single bubbles. Cloud radius and void fraction enters the
problem only in the combination given by the cloud parameter
 0 . Vanishing  0 leads to a relation of one, thus to an
individual system. The collapse time t C , the time from the
beginning until collapse (minimum of cloud radius) is in this
case proportional to the typical time of the bubble (Fig. 5,
bottom). In general small values of interaction, small values of
related excitation time and t E / t B amplitude Cp min lead to
individual behavior. For large values of  0 the growth also
becomes independent of  0 . For those “large clouds” the

Fig. 6: Bubble radius distribution und path lines
with/without circulation
growth depends only on excitation time and amplitude. The
collapse time is proportional to the typical time of the cloud.
Since the lines in Fig. 5 (bottom) almost collapse to one single
line if t C is related to its individual value t CI and plotted
versus t E / t Cl , a line t E / t Cl  const (dotted line) shows
similar situations. The bubble growth and therefor the cloud
growth, the collapse time and the work done on the cloud (not
shown) are effects of homogeneous bubble interaction, since
the curves compare well with the exact solution (symbols).
The Influence of Circulation
The effect of circulation is due to heterogeneous interaction.
A strongly inhomogeneous field of bubble radii is created
through the rotation (vorticity) in the cloud (see Fig. 6). The
bubble growth near the center is increased which is in contrast
to the behavior of large clouds, where the center of the cloud is
shielded caused by nearly constant vapor pressure in the
interior.
The shock-front observable through the jump in the bubble
radius (Fig. 6) is strongly decelerated caused by the increased
void fraction through bubble growth near the center. Shock-
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fronts, i.e. abrupt changes in the bubble radius distribution, are
identified by:

  (t ( Rmax )  t ( Rmin )) / t E  0.1   r  const
Based on the above condition the shock positions and shock
velocities are derived and shown in Fig. 7. The delay of the
shock-fronts increases with the circulation nearly independent
of the interaction. With higher void fraction the shock fronts
becomes slower and the Lagrangian and Eulerian trajectories
become more different as the expansion, and thus the
movement of the cloud is increased. The shock velocity builds
a minimum the Lagrange trajectories an inflection point in large
clouds.

Fig. 8: Maximum of the farfield pressure of the cloud for
different interactions and circulations.

Fig. 7: Lagrangian and Eulerian shock trajectories and
shock velocities for different circulations, interactions and
void fractions.
To assess the strength of a cloud collapse, the farfield pressure
is analyzed according to the approach of (Dowling 1983).

~~
U tE
1 d VCl
2
2
pA 
, VCl  2 RT RCl , RA  ~  t E
2RA dt 2
RE
The maximum pressure max(p A ) , thus the acoustic load of

Fig. 9: Minimum bubble radius related to the value of an
individual system for different circulations and interactions.

2

the environment, which mostly occurs at the time of maximum
 in the distance R from the
cloud radius acceleration R
Cl
A
center of the cloud is shown in Fig. 8. It becomes smaller with
increasing interaction and void fraction (not shown). A
circulation can enhance the acoustic load when the specific
excitation time t E / t B is sufficiently large enough.

Another parameter for assessing the strength of the cloud
collapse and therefor the damage potential is the minimum
bubble radius, i.e. the maximum compression. In individual
systems (  0  0 ) compression occurs synchronous at every
cloud position. For finite interactions the collapse and the
compressions are staggered in time and focus, thus increase,
with proximity to the center. If the cloud center is in contact
with a wall, what is possible within the here considered toroidal
geometry, the damage potential is strongly increased. Fig. 9
shows the minimum bubble radius in a cloud related to its value
in an individual system for different circulations and
interactions. The compression is enhanced by circulation
independent of the interaction. It should be noticed, that the
growth of the related individual systems is much higher. For
equal growth the compression of clouds with interaction is
higher than these of individual systems.
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The Influence of Strain

Fig. 10: Acoustic load (top) and compression (bottom) for
different values of related strainrates   and interactions.
The axial component of vorticity equation for the onedimensional case ( p    0 ) can be written as:

D  z

Dt  

 z

 
   z  0 (1  0t ) . (10)



0

Therefor the vorticity decreases for pure circulation and
dynamic excitation due to the reduction of density. In the case
of additional imposed strain the density-specific vorticity
increases linearly in strain rate and time. The drop of density
near the core region of the cloud is enhanced by the strain.
Even in the absence or weak circulation strain is associated
with additional bubble growth; in this case, however, it acts
homogeneously.
The typical time for the strain built with strain rate 0 (see
Equation (10) and the section “boundary conditions”) is related

parameter is used, like the parameter  /  crit for the
circulation, as describing parameter of the excitation. The strain
amplitude ˆ (Fig. 3) for constant   becomes dependent on
excitation time. As can be seen in Fig. 10, acoustic load and
compression are increased through an imposed strain. The
influence is nearly independent of interaction.
CONCLUSION
The study of a toroidal cloud with its symmetry properties,
motivated by a closed vortex ring, allows a one-dimensional
approximation of the van Wijngaarden equations in the cloud
interior. The axial symmetry assumed opens up the study of the
effects of circulation and strain on the bubble dynamics in the
framework of continuum mechanics. The coupling to the
excitation at infinity is realized through an incompressible
potential flow outside of the cloud. The kinematic and dynamic
coupling conditions at the cloud surface have to be subjected to
an averaging taking the one-dimensionality in the cloud interior
into account.
The behavior of clouds is characterized by three time scales and
thus two dimensionless products in these times. In addition to
that of Wang (1996) for the spherical cloud introduced
interaction parameter another dimensionless product that
contains the excitation time, must be considered.
Under dynamic excitation, the bubble growth, the clouds
breathing, the collapse delay and the work done (Buttenbender
2012) on the cloud are well described by a homogeneous model
while quantities such as shock kinematics and acoustic load can
explained only by heterogeneous bubble dynamics and
therefore by inclusion of the Euler equation in the cloud. This
also applies to the effects of circulation. The circulation leads to
an increased bubble growing enforced toward the center. The
clouds can thus be loaded much higher than individual systems
without circulation. This also increases the work done on the
cloud of the outer flow. Parameters of influence are the void
fraction and the related excitation time, the influence of the
interaction is comparatively small. If steepening shock fronts
exists, they are attenuate through the core loading and later
accelerate, when focussing exceeds this effect near the center.
Shock fronts in clouds with circulation are slower. The farfield
pressure is enhanced by circulation if the excitation time is
sufficiently large. The bubble compression increases and can
exceed the value of individual systems of equal growth by
times. This shows the effect of energy concentration through
focussing of shock fronts in the center of clouds.
Circulation and dynamic excitation are followed by a reduction
of vorticity. An additional imposed strain increases the density
drop in the core area of the cloud. In this case a density-specific
production of vorticity occurs linear in time and strain rate. A
cloud related strain rate is able to intensify the cloud collapse
nearly independent of interaction and excitation time.

to the typical time of the cloud    t / t Cl  01 / t Cl . This

7

NOMENCLATURE
Dimensional quantities:

~
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~p
~
p
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: Pressure cloud
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: Farfield pressure
: Surface tension
: Channel velocity
: Circulation
: Dynamic viscosity
: Density vapor

~
RCl
~
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~
RT
~
p gE
~
R
~
V

: Cloud radius

~
~
~L

: Equilibrium radius
: Torus radius
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: Density Liquid

Fq
q

: Coeff. function

: Farfield press.

: Strain time

pA
r,, z
RA
RCl0
Rmin
RT 0
tB
tE
U

: Min. press. co.
: Coeff. function
: Cyl. coordinates
: Distance

RCl
Rmax
RT
t

: Cloud radius

t Cl
t

u

: Cloud time
: Velocity vector

u r , , z

: Velocity compon.

V

: Bubble volume

: V beginning

We

: Weber number

V0

x



: Void fraction

: Beginning v.f.

H



ˆ



0


: Coeff. Hom. RP

: Abbreviation
: Density beginning

0
0
H


0

 r , z



: Circ. angle



: Circul. potential

: Circulation
: Shock time diff.
: Strain amlitude
: Population
: Polar angle
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